We consider variational discretization of control constrained elliptic Dirichlet boundary control problems on smooth two-and three-dimensional domains, where we take into account the domain approximation. The state is discretized by linear finite elements, while the control variable is not discretized. We obtain optimal error bounds for the optimal control in two and three space dimensions. Furthermore we prove a superconvergence result in two space dimensions under the assumption that the underlying finite element meshes satisfy certain regularity requirements. We confirm our findings by a numerical experiment.
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The optimal control problem
) be a bounded domain with a smooth boundary Γ :
we consider the boundary value problem
where c ≥ 0 is a smooth function onΩ. It is well-known that (1) has a unique solution y ∈ H 1 2 (Ω) in a suitable weak sense which we denote by y = G(u).
Next, let α > 0 and y 0 ∈ W 1,r (Ω),r > d be given. We then consider the Dirichlet boundary control problem
where
e. on Γ} and a, b ∈ R, a < b. Existence of a unique solution u ∈ U ad of (2) follows by standard arguments. This solution is characterized by the variational inequality
Let us introduce the adjoint state p ∈ H 2 (Ω) ∩ H 1 0 (Ω) as the solution of the boundary value problem
e. on Γ where P [a,b] denotes the pointwise projection onto the interval [a, b] . In [3] we prove Lemma 1.1 Let u ∈ U ad be the solution of (2) with corresponding state y and adjoint state p. Then
A priori error analysis
Let T h be a quasi-uniform triangulation of a polygonal domain Ω h with maximum mesh size h := max T ∈T h diam(T ) approximating Ω. To compare the discrete and continuous solutions we have to introduce a homeomorphism G h : Ω h → Ω with its restriction g h := G h|Γ h to the boundary Γ h := ∂Ω h , see [3] . Let us further define the space of piecewise linear finite elements X h := {v h ∈ C 0 (Ω) | v h|T ∈ P 1 (T ) ∀ T ∈ T h } and let γX h be the restriction to Γ h of functions in X h . Now we approximate (2) using the variational discretization from [4] . This leads to the following control problem depending on h:
It is not difficult to see that (4) has a unique solution u h ∈ U h,ad which is characterized by a variational inequality similar to that in (3). The following theorem is proved in [3] : Theorem 2.1 Let (u, y) and (u h , y h ) be the solutions of (2) and (4) .
Remark 2.2
This result also extends to more general elliptic, coercive operators A, see [3] .
Superconvergence. From here onwards we assume c = 0, d = 2, and that Ω ⊂ R 2 is convex. The proof of the next theorem uses superconvergence results developed in [1] for finite element approximations to elliptic problems on (piecewise) O(h 2σ ) irregular meshes T h . In [3] we prove y) and (u h , y h ) be the solutions of (2) and (4) (with
Theorem 2.3 Suppose that the triangulation
T h is piecewise O(h 2 ) irregular. Let (u,y h,0 = y 0|Ω h ). Withũ h = u h • g −1 h there holds u −ũ h 0,Γ + y −ỹ h 0,Ω ≤ Ch 3 2 for all 0 < h ≤ h 0 .
Numerical example
Let us now consider the variational discretization (4) of problem (2) with the unit circle Ω = B 1 (0) as domain. We set α = 1, a = 0, b = 1 and chooseû(1, φ) =û(φ) = max(0, cos φ) to solve (2) with associated stateŷ(r, φ) = r 3 max(0, cos φ) and adjoint variablep(r, φ) = r 3 (r − 1) cos φ, whereĝ(r, φ) := g(r cos φ, r sin φ). We investigate the experimental orders of convergence (EOCs) for the error functionals E u (h) = u−ũ h 0,Γ and E y (h) = y − y h 0,Ω h , both on arbitrary, quasi-uniform meshes (see Fig. 1 ) and on congruently refined, piecewise O(h 2 ) irregular meshes (see Fig. 2 ) for several refinement levels RL. For arbitrary meshes E u converges linearly (Tab. 1), and with rate 1.5 on piecewise O(h 2 ) irregular meshes (Tab. 2). In both cases the behaviour of E y is better than predicted by Theorems 2.1, 2.3, but superconvergence on piecewise O(h 2 ) irregular meshes is also observed. Further results related to our research can be found in [3] , see also [2, 5, 6] .
